We present the general analytic solution of a viscous gas ring around a central mass. This solution is used to test a further development of the smoothed particle hydrodynamics (SPH) algorithm, which is capable of simulating problems with physical viscosity (here: with kinematic viscosity). We discuss some SPH simulation results and conclude some fundamental properties of the algorithm.
Introduction
A large class of problems in theoretical astrophysics is related to the dynamics of compressible ows including many physical e ects such as gravity, radiation, viscosity, electric charges and currents, or magnetic ÿelds. These problems are attacked primarily through numerical simulations, and di erent numerical methods for various aspects of astrophysical gas dynamics have been developed in the past or are currently in the state of development. These algorithms have to be tested in order to verify their stability, accuracy, and robustness. An ideal test is, of course, a comparison with a model problem where an analytic solution is known, and examples for one-dimensional ows include the well-known shock tube, advection problems (see the article of Stone [14] in this volume), or self-similar solutions of the Euler equation for a perfect gas. For many numerical methods error estimates are impossible to obtain, and analytic solutions can be used to determine error bounds empirically. This is even more important when the mathematical foundations of the method are poorly understood, and one such method is smoothed particle hydrodynamics (SPH). For two-or three-dimensional gas ows analytically solvable problems are rare but there is one astrophysically interesting example where at least an approximate solution of the hydrodynamic equations can be found. This is concerned with a thin gas disk that moves around a central point mass under the in uence of gravity and viscous torques. If rotational symmetry is assumed an evolution equation for the density can be derived, and for a constant kinematic viscosity the solution of an initial value problem is obtained explicitly in terms of Bessel functions and exponentials [7, 10, 2] .
The purpose of this paper is to use the above analytic solution as a test model for a SPH code that is designed to simulate two-dimensional viscous gas ows dominated by gravitational forces. The analytic solution is brie y discussed in Section 2 for the case that the viscosity varies as a power of the radial coordinate. In Section 3, the SPH method is introduced with special emphasis on the implementation of the physical viscosity. The actual numerical tests are presented in Section 4.
The viscous gas ring
We consider an axisymmetric thin disk of gas moving around a central point mass M c under the in uence of gravity and viscous stresses. For such a ow we can deÿne two small quantities. First, the height H of the disk is assumed to be negligible compared to the radial length scale, and secondly, the viscous time scale of the radial in ow of mass is much smaller than the dynamical time scale of a circular orbit. As a consequence of the thin-disk approximation, it is possible to integrate the dynamic equations over the height of the disk. The resulting ow structure is now two-dimensional, note however that this ow is embedded in R 3 , and therefore the gravitational force is still proportional to r −2 . Polar coordinates (R; ') are used, there are only two velocity components (v R ; v ), and the mass distribution is described in terms of the surface density
where is the mass density. With these assumption the equation of continuity reads
whereas the R-and '-component of the Navier-Stokes equation are given by
Here, s is the kinematic viscosity and G is the gravitational constant, and radial pressure forces are neglected. These equations are considered in the limit of a small viscosity, i.e., it is assumed that the radial in ow of mass is caused entirely by viscous stresses. Thus, v R is small (v R v ' ) and vanishes in the limit s → 0. Taking s = 0, i.e., v R = 0, Eq. (2) reduces to its dominant terms
which indicates that the gas moves essentially with Kepler velocity
around the central mass. Using the expression (5) in (3) we obtain
which shows that v R is in fact O( s ). Eq. (6) together with the continuity equation (1) leads to a parabolic evolution equation for the surface density
An analytic solution can be obtained on the space domain [0; ∞) with initial data
provided the kinematic viscosity has the form
where 0 and are constants. According to the standard thin-disk theory [10, 2] the disk is likely to be in a state of fully excited turbulence and s is interpreted as a turbulent viscosity. Therefore, s will in general depend on the radius and the particlular form (8) has been chosen in order to keep the problem analytically solvable. For = 0 the solution of (7) is given, for example, by Pringle [10] or Frank et al. [2] . A more general solution has been calculated by L ust [7] . There are two possible branches of the solution: either the mass can be conserved, then the angular momentum of the system is not and has a source or drain at the origin. Or the angular momentum of the system is conserved and the mass of the disk has a drain at the origin. The latter is a representation of an accretion disk.
If the initial density distribution is chosen to be an inÿnitesimal ring of mass M at an initial radius R 0 we have for 0
and the surface density reads
Here I n is the modiÿed Bessel function of order n, and the dimensionless variable is the time in units of the viscous time scale R 2− 0 =(12 0 ). With the surface density (10) the radial velocity v R becomes Eqs (5), (10) , and (11) are used to calculate the reference solution for our numerical simulation in Section 4.
In Fig. 1 , the evolution of the ring is shown for the case = 0, i.e. s = 0 = const: Comparing the radial velocity at various viscous times in Fig. 1(b) with the Keplerian velocity in Fig. 1(c) shows that the approximation v R v ' is always justiÿed. Note that the parameters given in Fig. 1 have been used throughout the simulations presented in Section 4.
Viscous SPH
The SPH method was introduced 1977 by Gingold and Monaghan [3] and Lucy [6] to simulate compressible ows with free boundaries. For an overview of the SPH method see, for example, [8] . The article of Rasio and Lombardi [11] in this volume gives also a short introduction into the basics of SPH.
In the standard SPH codes, viscosity is usually implemented only through an artiÿcial viscous pressure term which is necessary to handle shock fronts correctly [9] . This artiÿcial viscosity, however, is not a proper description of the viscous processes associated with the shear or bulk viscosity of real uids. For this reason, we have included in our SPH algorithm the entire viscous stress tensor according to the Navier-Stokes equation [1] . This implementation allows for the proper treatment of viscous shear ows. In Lagrangian formulation, the viscous part of the Navier-Stokes equation reads
with (volume) density and the viscous stress tensor
Here x denotes Cartesian coordinates and Greek indices take the values 1, 2, 3; in addition Einstein's summing convention is assumed for the coordinates. The coe cients and , i.e., the kinematic shear and the bulk viscosity, are positive scalars and are independent of the velocity. Although the treatment of bulk viscosity is no principal problem we use = 0 throughout. Applying the smoothing discretization scheme to the derivative of the stress tensor yields the SPH representation
with the particle form of the stress tensor
where V ÿi is the particle representation of the velocity gradient @v =@x ÿ
The indices i and j denote quantities that are assigned to SPH particles with positions r i and r j , respectively; m j is the particle mass, and W is the SPH kernel function. The kernel W depends on the distance between particles i and j and on the smoothing length h, which is a measure of the support of the kernel. One advantage of this treatment of viscosity is that the shear and the bulk viscosity can be speciÿed explicitly and independently, which is not the case for the usual artiÿcial viscosity terms. On the other hand, this method leads to a signiÿcant increase of CPU time and computer memory. Since (14) together with (16) contains double sums over all N p SPH particles one has to be careful not to construct N 2 -or N 3 -algorithms. This can be avoided, for example, by summing over interaction pairs instead of single particles.
For a more detailed description of our method and for questions concerning energy balance, linear and angular momentum conservation we refer to Ri ert et al. [12] or Speith [13] . All other SPH equations are formulated in our code more or less in the standard way, their representation can be found elsewhere, for example, in [8] or [11] .
SPH simulations of the viscous ring
We have performed various simulations of the gas ring described in Section 2 using the viscous SPH scheme discussed in the previous section. As an example, we present simulations with a constant viscosity (i.e., = 0), initial radius R 0 = 1R , disk mass M = 10 −10 M , and central mass M c = 1M . Here R = 7 × 10 10 cm is the solar radius, and M = 2 × 10 33 g denotes the solar mass. For the kinematic viscosity we take 0 = 1:5 × 10 14 cm 2 =s which is approximately equal to or a little less than the value of the turbulent viscosity in a typical astrophysical accretion disk in a binary star system (see [5] ).
According to (9) , the density distribution at viscous time = 0 is a -function, thus we take = 0:018 as the starting time for our simulations. Consequently, the initial SPH particle distributions have to be created in such a way that they represent the analytic density (10) at = 0:018, and every particle moves with an initial velocity according to (5) and (11) . Fig. 2 shows the SPH particle positions for three di erently generated initial distributions. The left column corresponds to the initial time = 0:018, and the right column shows the simulations at = 0:126. In Fig. 2 (a.1) the particle positions are equally spaced on concentric rings around the origin. During the simulation this uniform particle distribution is destroyed (see Fig. 2(a.2) ). Since the particles move essentially on Keplerian orbits, there is a strong di erence in the azimuthal velocity of neighbouring orbits, and thus even small radial velocities lead to a fast de-correlation of the particle positions. However, a certain amount of correlation is preserved as the ow evolves in time. This is visible as a system of concentric rings in the particle distribution (Fig. 2(a.2) ), but the details of this process are not fully understood yet.
These structures disappear if the particles are distributed initially in a stochastic way, i.e., the positions are randomly chosen according to a probability density that corresponds to the initial surface density (R; t = t 0 ) (see Fig. 2(b.1) and (b.2) ). The initial distribution in Fig. 2(b.1) has a point symmetry with respect to the origin which guarantees that the centre of mass is located at R = 0. This initial symmetry is violated in the example shown in Fig. 2(c.1) , and, as a result, spiral structures appear in the particle distribution. The same spirals will also show up for the point-symmetric initial conditions of Fig. 2(b.1) but at much later times. This could indicate that the entire ow is unstable with respect to nonaxisymmetric perturbations, and that the initial amplitude of those perturbations is strongly reduced if the particle positions are set up with an initial point symmetry. It is, however, not clear what the nature of this instability is, i.e., whether it is purely numerical in origin or has a physical cause such as a viscous over-stability (cf. [4] ).
To further investigate the properties of the SPH method we will now focus our attention on the physical quantities rather than analysing the distribution of particle positions. In Fig. 3 we show the surface density computed at viscous time = 0:126 of a SPH simulation with the initial particle distribution from Fig. 2(b.1) , i.e. with N p = 10 000 particles, and a smoothing length of h = 0:09R . Fig. 3(a) shows the values of the surface density for each SPH particle projected onto the radial coordinate. Note the large uctuations of the results around the analytic solution (indicated by the dashed line). Because of this large scattering, an averaging of the results is necessary for further evaluations. One possibility of averaging is using an arithmetic mean eval (r) = 1 N h j (r j ) with j ∈ {particles with |r − r j |6h};
where r is an arbitrary position in space and N h is the number of SPH particles which can interact with position r, i.e., for which |r − r j |6h holds. After that, the surface density eval is additionally averaged over the azimuthal angle
eval (r Na l ) with |r
Here, a number of N a equally spaced positions r Na on the circle with radius R have to be chosen. In addition, we calculate upper and lower bounds max (R) = max Fig. 3(b) presents the results of the simulation averaged in this way. The straight line indicates the average density , and the upper and lower lines show the values of max and min , respectively. It can be seen clearly that matches the shape of the analytic solution (dashed line) quite accurately, but lies always a certain amount above that solution. This overestimation of the true density by the SPH density is a selection e ect due to the stochastic nature of this special particle distribution, combined with the usual way to calculate the SPH density
(for a detailed explanation see [15] ). In a SPH simulation with dominant hydrodynamic forces such as pressure or viscous shear, the particles tend to establish a correlation which reduces the stochastic nature of the initial distribution, and no overestimation of the density occurs. But for the problem of the viscous ring, the di erential rotation, caused by the strong gravitational forces, prevents and destroys every correlation developing between the SPH particles.
The selection e ect occurs if the density is considered exclusively at the particle positions as is the case in the averaging process deÿned in (17). The overestimation problem can be avoided if the density is computed according to the SPH algorithm but at arbitrary positions r and not necessarily at particle positions r j , i.e., The large scattering of the SPH results indicates the stochastic nature of the particle distribution as well. This can be concluded from Fig. 4 , where the results of SPH simulations are shown which have identical initial conditions but use di erent values for the numerical parameters. In Fig. 4(a) and (b) the particle number N p is 10 000, whereas in Fig. 4(c) and (d) 40 000 particles were used. Nevertheless, the results shown in Fig. 4(a) and (c) are quite similar including the range of uctuations of the surface density. The same is true for the simulations shown in Fig. 4(b) and (d).
The common property of the cases in Fig. 4 (a) and (c) (or Fig. 4(b) and (d), respectively) is that the same mean interaction number N i is used. The interaction number of a particle i is the number of all those particles j with |r i − r j |6h, and we have N i˙h d N p where d is the dimension of the problem, i.e., d = 2 for the viscous ring. Therefore, the mean interaction number remains constant when the particle number N p is multiplied by four and the smoothing length h is halved, as is done comparing the simulation in Fig. 4(a) to the one in (c) and the one in Fig. 4(b) to the one in (d), respectively.
Comparing Fig. 4 (a) and (b) the smoothing length has been almost doubled keeping N p constant. Thus the interaction number is nearly four times higher in Fig. 4(b) than in (a) . Simultaneously, the range of scattering of the SPH results around the analytic solution is reduced by a factor of about two. The same holds for the simulation results shown in Fig. 4(c) and (d) . This indicates that the uctuation depends on the interaction number approximately as 1= √ N i which shows the stochastic nature of the particle distribution.
Increasing the smoothing length much further for the case in Fig. 4(b) would, however, not improve the result in general, because if the smoothing length is increased, not only the numerical error of the SPH method (which is O(h 2 )) is increased as well, but the spatial resolution is decreased. This can be seen, for example, in Fig. 4(d) where the averaged surface density matches the analytic solution better than in Fig. 4(b) where the variations around the analytic solution are more prominent.
However, in spite of the large uctuations discussed above, the SPH simulations are in general able to reproduce the global dynamical behaviour of the viscous gas ring very well. This can be seen in Fig. 5 , where the time evolution of the averaged surface density is presented at several viscous times. From one diagram to the next, a particle at the radius R = R 0 = 1R circles the central mass approximately 10 times. The ring spreads considerably, but the averaged surface density matches the entire analytic solution quite well at every time step. The remaining deviations could be reduced using a larger mean interaction number N i (compare Fig. 4(d) ). 
Conclusion
The simulations of the viscous gas ring with our viscous SPH have illustrated some important and universal features of this numerical method. One result is, that SPH can in general reproduce global attributes and the dynamical evolution of the considered physical problems. However, the local accuracy and the spatial resolution of SPH simulations are rather poor. Actually, the results obtained from a two-dimensional SPH code using 10 4 particles should be compared to a ÿnite-di erence simulation on a grid of 100 × 100 cells. Moreover, the SPH results show a large uctuation of the results, at least if the particle distribution remains in a "stochastic" state, which is always the case when external forces dominate the hydrodynamical forces.
Two fundamental parameters of the method can be identiÿed. The smoothing length h determines the spatial resolution of the simulations, whereas the global accuracy depends on the mean interaction number N i . The higher N i and the lower h the better are the simulation results. Because these conditions are partly contradictory, one has to ÿnd a compromise by choosing the total particle number N p according to the computer resources available. In Section 4, only simulations with ÿxed smoothing lengths are presented, but similar results are obtained for SPH simulations with variable smoothing length where the number of interactions for each particle is kept constant.
Another outcome of the simulations is that the viscous gas ring is in fact a suitable test problem for astrophysical hydro codes independent of the numerical method used. Kley [4] , for example, has recently simulated the ring using a ÿnite-di erence method. However, the stability of the gas ring against nonaxisymmetric perturbations still has to be investigated.
